Abstract. If p is an irregular prime, p < 8000, then the indices 2ti for which the Bernoulli quotients B2n/2n are divisible by p2 are completely characterized. In particular, it is always true that 2n > p and that ß2"/27i ^(Bm+p-i/2n + p -l)(modp2)if (p, 2n) is an irregular pair. As a result, we obtain another verification that the cyclotomic invariants pp of Iwasawa all vanish for primes p < 8000.
B2n/2n = P2J2nQ2", which, when reduced, are /»-integers if p -1 X 2« by the theorems of von Staudt-Clausen and J. C. Adams.
The general problem, then, is to determine, for a given prime-power p \ those indices, 2n, p -1 X 2n, for which p' divides the /»-integer B2J2n. It follows immediately from a congruence of Kummer that p must be irregular, and that /» divides B2J2n if and only if /» divides P2n-, where 2n' is the least positive residue of 2n (mod p -1). This settles the case e = 1. Moreover, we see that any irregular prime p divides infinitely many Bernoulli numerators P2n with (/»,«)= 1. This paper reports on some computations done recently on the PDP-10 computer at Bowdoin College to investigate the case e = 2. About fifty years ago, Pollaczek [9] noted that 372 divides fi284/284, showing that the case e = 2 is possible. Montgomery [8] raised the question whether or not p2 divides P2n for 0 < 2n < p -1. Our computations show that the answer to this is negative for all irregular primes p < 8000. Further, for the irregular primes /> < 8000, we can characterize precisely those indices 2n for which p2 divides B2J2n. Our results show that the square of any irregular prime p < 8000 divides infinitely many Bernoulli numerators PlK with ip, n) = 1. Finally, we compare some of our computations to those done earlier by Pollaczek [9] and discuss the important relationship of these results to the determination of the cyclotomic invariants pp of Iwasawa. If p is an irregular prime and p divides P2n for 0 < 2« < p -1, then we shall refer to {p, 2ri) as an irregular pair. For a given irregular prime p, the number of such irregular pairs is called the index of irregularity of p. For r = 1, 2 we obtain for/» -1 /f 2n:
An analysis of (1) gives the results stated in the previous section for the case e = 1 of the general problem. We remark that the argument used here is essential for all known proofs of the existence of infinitely many irregular primes in certain arithmetic progressions (cf. [11] , [2] , [8] , and [7] ).
For the case e = 2, we use Eq. (2). If/»2 divides B2J2n, then as above, (/», 2n') must be an irregular pair, where 2n' is the least positive residue of 2n (mod /» -1). Also, given an irregular pair, {p, 2n'), we define At = B2n-^t(v^,)/2n' + t(j> -1) for t ^ 0. By (1), A, = 0 (mod /»), so that we may define a, by the conditions A, = a,p (mod p2), 0 S a, < /». Hence p2 divides A, if and only if a, =0. Since B2 = 5, it follows that n' > 1. Equation (2) Given an irregular pair (/», 2n'), if it happens that a, = a0, then at = a0 for all í ^ 1. If a0 t¿ 0, then/»2 divides no 52n/2n with 2n m 2n' (mod/» -1), but if a0 = 0, then p2 divides every B2J2n with 2n = 2«' (mod p -1). If a, j± a0, however, then we can solve (3) for t uniquely (mod /»). In this case, then, every interval of length p2 -p contains exactly one index 2«, 2« = 2«' (mod /» -1), for which p2 divides B2J2n. The index 2m is divisible by /» only when t = 2n' (mod /»). Thus p2 divides infinitely many Bernoulli numerators P2n with (/», ti) = 1 if and only if, for some irregular pair (/», 2n'), either (a) a0 = a, = 0 or (b) a0 5* o^ and the unique solution 3. Computational Results. The values of a0 and a, were computed for each of the 502 irregular pairs (/», 2n), p < 8000, previously reported by the author [5] . For all 502 pairs, it was found that a0 ^ 0, and that a, ^ a0 so that it was possible to solve (3) for t (mod /»). For no pair (/>, 2ri) did we ever obtain t = 2n. We thus have the following:
Theorem. Ifp is an irregular prime, p < 8000, then (A) p2 does not divide any of the Bernoulli numerators P2, P4, Pt, • • • , Pv-3. (B) B2J2n ^ (52n+(J)_1)/27i + ip -1)) (mod/»2) for all irregular pairs ip, 2tj). (C) Every interval of length p2 -p contains exactly iv indices 2n with B2J2n m 0 (mod/»2), where i" is the index of irregularity of p. Moreover,for all of these, ip, ri) = 1, so that there exist infinitely many Bernoulli numerators P2n, ip, ri) = I, divisible by p2.
For each irregular pair (/», 2ti), the values of a0 and a, were computed from the following equations of E. Lehmer [6] , valid for p > 5, p -1 X 2s -2:
[u/61 (4) £ 0» -6t-)2'-1 -ic2lB2,/As) (mod p2), c2. = 62'"1 + 32-1 + 22"1 -1,
Z (P -4t-)2,_1 = id2,B2,/As) (modp2), d2s = (22* -l)^*"1 + 1).
For each irregular pair (/», 2ri), we first tested for the invertibility of c2n (mod /»). For c2" ^ 0 (mod/»), we next computed the sum (mod/»2) in (4) with 2s = 2n, writing it in the form e + jp, 0 S e, f < p. It was first checked that e = 0, again verifying that indeed (/», 2ri) is an irregular pair. Then a0 was computed from the congruence a0 = 2c2n-1/ (mod/»). The value of a, was found similarly, using (4) with 2s = 2n + p -1. For only one irregular pair, (1201, 676), did c2n fail to be in vertible. For this pair, d2njéO (mod /»), so that we were able to compute the values of a0 and a, from Eq. (5). After computing t (mod /») from (3), we performed a final check by showing that the sum in (4) or (5) vanishes (mod/»2) for 2s = 2n + tip -1). A partial table of our results is included at the end of this paper.
4. Pollaczek's Results and the Cyclotomic Invariants p" of Iwasawa.
Pollaczek [9, p. 31] performed these computations some time ago for the three irregular primes/» < 100. He computed i-B2n/ri) rather than (52"/2n) (mod/»2), so that our values of a0 and a, must be multiplied by -2 in order to make valid comparisons. The results agree for p = 37 and also for p = 59 after a transposition of Pollaczek's indices to correct his obvious inconsistency. For /» = 67, there seems to be an error in Pollaczek's value of B62', corresponding to our value of a,. A direct computation of Eq. (4) negates his claim that 672 divides P,90.
Iwasawa [3, p. 782] has shown that the cyclotomic invariant pv, important in the theory of class numbers of cyclotomic fields, vanishes if/» is either a regular prime or an irregular prime for which a0 ^ a, for all irregular pairs (/», 2ri). Iwasawa invoked the computations of Pollaczek to conclude that pv -0 for all primes/» < 100. More recently, using other tests, Iwasawa and Sims [4] and the author [5] have shown that pv = 0 for all primes /» < 8000. The computations reported here give another verification that this is true. 
